Sydney Girls High School

2021 Alternate Task 4

Mathematics Extension 1

General e Reading time — 5 minutes
Instructions e Working time — 60 minutes
e Write using a black pen
e (alculators approved by NESA may be used
e A NESA reference sheet has been provided for use
e For questions in Section II, show relevant mathematical reasoning

and/or calculations

Total marks : Section 1 — 10 marks (pages 2 — 6)
40 e Attempt Questions 1 - 10

e Allow about 15 minutes for this section

Section II — 30 marks (pages 7 - 12)
e Attempt Questions 11 - 13

e Allow about 45 minutes for this section

THIS IS NOT A TRIAL PAPER

It does not reflect the format or the content of the 2021 HSC Examination paper

in this subject.




Section I

10 marks
Attempt Questions 1 — 10
Allow about 15 minutes for this section

For each question, select the correct response A, B, C or D.

List the correct response only on YOUR writing paper for questions 1 — 10.

1. Which function best describes the following graph?

(A) y=3sin"12x A

B) y= %sin‘1 2x

-2

C y=3 sin‘lg

(D) y= zsin g L

2. Inthe cartesian plane, a vector perpendicular to the line 3x + 2y +1 =0 s

(A)  3i+2j
1.1
B) ——i+—j
(B) ARy
©)  2i-3j
1. 1
D) —i-——j
(D) 7734



3. Which group of three numbers could be the roots of the polynomial equation

x3+px?—26x+24=07?

(A) 2,34
(B) 1,—6,4
C) —1,-2,12

(D) —1,-3,-8

0 0
cot——tan —
2 2

0 0
cot—+tan —
2 2

(A) cos@

(B) sec@

(C) tané

(D) coté

5. Which expression is equal to _[ cos’ 2?)6 dx?

@a - Zanric
2 55
® iZsinic
25
© 3@ ic
2 8 5
5
(D) —+§sm—+C



6. In the expression (2x + k)® the coefficients of x and x? are equal.

What is the value of k?

(A) 5
B) 6
©) 11
(D) 12

7. A group consisting of two adults, two boys and two girls is to be seated at a round
table. The adults are to be seated together. The boys and girls are to sit in alternating

positions? How many different seating arrangements are possible?

A) 8
B) 16
C) 24
D) 30



8. A 12kg mass is suspended in equilibrium from a horizontal ceiling by two identical light
strings. Each string makes an angle of 60° with the ceiling, as shown. If the force of gravity is

g m/s? then the magnitude, in newtons, of the tension in each string is equal to:

(A) 129 50° 60°
(B) 24g
©) 43y
D)  8v3g
12 kg

9. The volume V of a spherical balloon of radius » mm is increasing at a constant rate of

800 mm? per second. What is the rate of change of the radius with respect to time?

(A) " mm/second
100

(B) 100 mm/second

nr

2
©) % mm/second

(D) 20(2) mm/second

nr




(B)

Which of the following direction fields could have the differential equation

10.

dy

x—ky asasolutionif k>0 ?

dx

(A)
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Section 11

30 marks

Attempt Questions 11 — 13
Allow about 45 minutes for this section

Begin a new page for each question.

Your responses should include relevant mathematical reasoning and/or calculations.

Question 11 Begin a new Page
(a)
(1) Show that (x—3) is a factor of the polynomial
P(x)=x"—4x* +x+6.

(i1) Hence, express P(x) in factored form.

sin
(b)  Evaluate lim
x—0 4x
2
(¢) Solve: X =9 >0
3x

(d) Evaluate:

jz—xdx

V25—x2

Question 11 continues on the next page.

(10 marks)



Question 11 (continued)

(e) Consider the function f(x)= x_—l’ which is graphed below:
X

Using the graph of y = f(x), sketch the function y ={f (x)}2 :

End of Question 11



Question 12 Begin a new page.

(a) In the diagram below, OABC is a parallelogram. 04 = a and oc =c

P is the point on AB such that AP = iAB.

Q 1s the point on OC such that 0Q = EOC.

Find P—Q> in terms of g and ¢ , giving your answer in simplest form.

A P B

o 0 C

(b) Find the volume, in terms of 7, of the solid formed when the area

bounded by the curve y= %loge x, the lines y=-1, y=2 and the y-axis

is rotated about the y-axis.

Question 12 continues on the next page.

(10 marks)



Question 12 (continued)

(c) Consider the expansion of (1+ x)"i1 for integers n>2 .

(1) Show that:
n-1 n-1 n-1 »
n +n +..+n :n<2" —2)
1 2 n—2

(i1) Find the smallest positive integer n such that:

n—1 n—1 n—1
n +n +..+n > 5000
1 2 n-2

End of Question 12



Question 13 Begin a new page. (10 marks)

(2)

A particle is moving in a straight line and is oscillating backwards and

forwards. At time ¢ seconds, it has displacement x metres from a fixed

point O on the line, where x:Acos(%t+aj, A>0,and O< <%.

After 1 second the particle is 2 metres to the right of O, and after 3 seconds

it is 4 metres to the left of O.

Given that Acosa—Asina:2\/§ and Acosa+Asina:4\/§:

(1) Solve the equations simultaneously, to find the values of 4 and « in 2
exact form.
(i1) Show that the particle first passes through O after itan’13 seconds. 2
V4

Question 13 continues on the next page.



Question 13 (continued)

(b) The position coordinates of any point on the path of a projectile at time >0 in

seconds, with initial velocity v ms™' at an angle of projection &, and acceleration

downwards due to gravity, g, are:
x=vtcosf and y= vtsin@—%gt2

(1) Show that the equation of the path of a projectile is given by:

2

y= xtan«?—%sec2 0
A%

Harry throws a tennis ball from a fixed point O on level ground, with a velocity
v=710 ms™ at an angle £ with the horizontal. Shortly afterwards he throws

another tennis ball from the same point at the same speed but at a different angle

to the horizontal, o, where a <  as shown.

The two tennis balls collide at a point P, vertically above the point A4 on the

ground, where O4 =10 m and AP =15 m. The acceleration downwards due to

gravity is g=9.8 ms ™.
ya

NOT TO SCALE

10m

(i1)) Show that tana =2 and tan f =8.

(ii1) Find, in surd form, the time elapsed between when the tennis balls were

thrown.

End of paper
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4. A 9. D

5. D 0. C



Section I

_2 e 2¢2
10 marks
Att t ti 1-10
empt Ques inns _ . K T | e
Allow about 15 minutes for this section = =
For each question, select the correct response A, B, C or D. 3T < j _é;..?
>~

List the correct response only on YOUR writing paper for questions 1 — 10. Z-

: ~ x
oo :;I_;SI\ %

|
1. -Which function best describes the following graph? j = 35m l(.z .

Nt

(A) y=3sin"12x 3

B) y= gsin‘1 2x

— S
@ y = 3sin =

3 . 1% i
== il 3z
D) vy S sin "~

[ (5] ARy
H

3

2. In the cartesian plane, a vector perpendicular to the line 3x + 2y +1 =0is

3i+2j Sau—?.d-i—l:o:

=—232x ~ |
(B) —li+lj ‘zﬂ 3 ...L
2 3= :1.:—__2?9(~l
© 2i-3j
v T M :-—é
1.1 ¢ o
Y My = = .
3 ZJ
3

2 Bl ]
S

(N



3. Which group of three numbers could be the roots of the polynomial equation

X3 +px2 —26x+24=107 3

(A 23,4

@) 1

() =i -2 13

(D)

—6,4

—1,—3,—8

6
cot——tan—
2 2

o 0
cot—+tan—
2 2
cosd
(B) secl

(C) tand

(D) coté

- +c —

014 -1—'07(.2—- 2bx +24 =0

°‘ﬁ5 = -2 Y4
2x 3% 4 :;6~2‘f" "'V\U{'@

—(x —2x12- # =24 .. no+@
o(ﬁ -L(%bf-f- DLK:"Z-Q

Ix=b + |x& +-Lx& = bt+4-2%4

® .

Let €= Jaun &
p
l
= .E_f
bt
- \—-b"’—;_ '4—(52
£ E
= _l_'_'_ELx t
E (+t?
.-t

5. Which expression is equal to Icosz % dx?

X 2t

B 57595

£+§sinﬁ+c
2 8 5

2
2low\_ L 41 ,0c [ 2x2%
oS (.s_j_ Lorleo 2
2o\ _ 1 4L s(‘l:‘i
ws/?>,2+;w =

[ (g () 4

_ L 1,.S . 4

COSZ')(:?{—r'L co< 22 .

=dlv + S oMt + C
_3_0‘ g z



6.  Inthe expression (2x + k)°® the coefficients of x and x? are equal.

What is the value of k?

(el = o (e 50, (20 k + 4 (2) 0T
@5 + 40, (21)3k3+ 6(4.(2’)()2k44’6c_¢(27!)|{.§4

B) 6 [(“ (Zol)allg_
©) 11 2

Coeff of % = weff of w
(D) 12 CC;)(2¥L§= GCq.xlsz'

GCrxk = 664.)(2-
L,‘:. 6C1X2 = 3’0 . L:f N

—

¢ C 6

7. A group consisting of two adults, two boys and two girls is to be seated at a round

_ . , 2 Adulf=
table. The adults are to be seated together. The boys and girls are to sit in alternating =2 q e
positions? How many different seating arrangements are possible? 2o 4 5
G .
(A) 8 . Seat +re first adutst anywhere
v 2l o dutt has 2 wiay S -
16
© 24 . seadt O\—FNSJ—‘oO\‘j hat 4 woy S .
(D) 30 * w loo:j lhas or\(u’ | wa/_‘j -

. 4\,«00;\,.(; si+ 2woey [



8. A 12kg mass is suspended in equilibrium from a horizontal ceiling by two identical light
strings. Each string makes an angle of 60° with the ceiling, as shown. If the force of gravity is

g m/s* then the magnitude, in newtons, of the tension in each string is equal to:

(A) 129
(B) 24g

@ e Teos30° /\TZOS 20
D)  8V3yg

AT ewes30 = 124
T 123

D cos3c” le
T=- 1238 V5 _ 43
'_\r_i_x == ™ 9 .

9. The volume ¥ of a spherical balloon of radius » mm is increasing at a constant rate of

800 mm? per second. What is the rate of change of the radius with respect to time?

AV _ 500 mm®feeeond . Find A

(A) 7T mm/second k d.:(:
100 4. 3
V= -STP(
(B) 100 mm/second d\/ 411{ 2

wr —

e
©) i mm/second i Ai = 0’(«_\1 v A___f:
dat  ak  dv
|

200
20(,) mm/second - §00 x 2
Tre ‘f‘f‘(
= S0 '
2 —— nwa¢
T+ -
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Question 11 Begin a new Page

(10 marks)
(a)
(i) Show that (x—3) is a factor of the polynomial 1
P(x)=x"—4x> +x+6.
(ii) Hence, express P(x) in factored form. 2

1) P(3)=3°_4(3+3+ 4

P =0. v ®
‘,;) 9(53~7<_ — 2
X"3>% — 4 T+ b OL
-
'X.} ._3;(1 e sl NP
2. o SI
- ® T+ 2
o aQnSwer | s
- %" +3% lncorrect .
-2t +6
- 224+ 6
o

S Plac)= (%*3)(9(2-—7(-—2,)
P(»«>;(u—3)(m—z)(u+:) vl @

sini 1
(b)  Evaluate lim| —3

x—=>0 4x

'l\M S M }3"
X=>o 4;7{

1
K
3
X

i



D ~4~rwerleing

£ answer S

3

% (A-3)(1+3) 7© .

B:j obhtervatio

?AL,orNc;f*

—3c¢cxco and AP 3

@ .
(d) Evaluate:

25—x°

f 22 dm .

Vag-n2

-1
;f 2%-(25»%1)10(-% v~

m— -
— .

1
(lg—-')(.:')z' +C ((CA/W o(z\aukr\ rvle) )
ol

—2\2ac-%% + ¢

v

@,



Question 11 (continued)

(e) Consider the function f(x)= x-1 ,
-

which is graphed below:

= fx)

stuoul d have
~/—bu\.$ br‘amd\ .

/7C no‘f’) deduc/-

1 mourk.

Wf-\ cune
\M| I\IMUM

acﬁu
“iv**;m‘o g=l

-I-t)rm :\A‘I" v
S g po

Using the graph of y = f(x), sketch the function y ={f (x)}z. 2

End of Question 11



(10 marks)

Question 12 Begin a new page
3

(a) In the diagram below, OABC is a parallelogram. OA =g and OC =c¢

P is the point on AB such that AP = ZAB

Q is the point on OC such that 0Q = .

Find PQ in terms of g and ¢ , giving your answer in simplest form

L 3
1'N>P Z&’ > B
< .
e
Pe. = A +A0+08
——l¢ —a 4+ 2
| TEE TS TES
c a2
7 = > C -(3 £l o
z c
~ = 2 € =-Q \/
12 - ~ @

(b) Find the volume, in terms of 7, of the solid formed when the area

bounded by the curve y =—;—1oge x, the lines y =—1, y=2 and the y-axis

is rotated about the y-axis.

't /.

z e o o - - - - -




Question 12 (continued)
(c¢) Consider the expansion of (1+ x)"_1 for integers n>2 .

(i) Show that:
n(n_lj+n(n_lj+...+n[n_lJ=n(2”_1—2) 3
1 2 n—2

(ii) Find the smallest positive integer » such that:

n—1 n—1 n—1
n +n +..4n > 5000 |
1 2 n-2

O (k)= 14 (n,-')“ ” (";_"Jx",L...+ (:1)1.4—1_+ !
Let n=1:
(1e1y" = [ (""') + (";‘)+ ot (:_"L) 1
2" =2 () () (D)
s ()T e (0)
[ e )]
V‘(";')-}n("{’)+n{"}”’)+—.+n(:l) cn(22)

;u> Solve n(:"‘"-').)? Soov
Use tal aund eror:
n=¢ : 9(17-—-2_>:;1009
a0 VT
ns=lo: [0(.’2‘)-—2):§700 - ncl O

\l




Question 13 Begin a new page. (10 marks)

(a) A particle is moving in a straight line and is oscillating backwards and

forwards. At time ¢ seconds, it has displacement x metres from a fixed

point O on the line, where x = Acos(%t+a], A>0,and O< <%.

After 1 second the particle is 2 metres to the right of O, and after 3 seconds

it is 4 metres to the left of O.

Given that Acosa—Asina:Z\/E and Acosa+Asina=4x/§:

(1) Solve the equations simultaneously, to find the values of 4 and « in 2
exact form.
(i1) Show that the particle first passes through O after itan"13 seconds. 2
T

) Acosa — Asine=2JZ ..
Acosdy fslnc=4/2 B

O+B . LA wsSd = 6= = A-cosd= 32
® -m: LA Sind=2V2. DA sind= Vo
\ q
A (os’sa+ SM"v()_-. (3ﬁ)z+ (\E)

A";LO

A—-::?Arg)A'>O./

Asha _ Vo
Acesedt 3y
. ..
o Fand = = o
_ -1 4 A
K =ton 3 (0444{) @

—11 —
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Question 13 (continued)

(b) The position coordinates of any point on the path of a projectile at time >0 in

seconds, with initial velocity v ms™ at an angle of projection @, and acceleration

downwards due to gravity, g, are:
x=vtcosd and y= vtsin@—%gt2

(i) Show that the equation of the path of a projectile is given by:

2

gx
2v

y=xtanf — sec’ 6

2

Harry throws a tennis ball from a fixed point O on level ground, with a velocity

v=710 ms™ atan angle S with the horizontal. Shortly afterwards he throws

another tennis ball from the same point at the same speed but at a different angle
to the horizontal, ¢, where « < £ as shown.

The two tennis balls collide at a point P, vertically above the point 4 on the

ground, where 04 =10 m and AP =15 m. The acceleration downwards due to

gravity is g =9.8 ms™.

7 AN
7N\
a}
/ \
f ‘\g i"‘ Y {:;%‘»» :
/o~ NOT TO SCALE
/N
/ N\
/ / 9 P
/o A
fé< 1 115m
j & \%’ﬁ ;g : g .
{’} I x‘g, ;‘f'
10m

(i1) Show that tana =2 and tan f=8.

(1i1) Find, in surd form, the time elapsed between when the tennis balls were

thrown.

End of paper
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